H(A) = fj,(A -f),
for all Definition 1.
A measure \i is called t-quasi-invariant, if and only if fi t = Li holds,
Here the symbol ^ means the equivalence relation of the absolute continuity. We put T M ={f eR 00 !/^/*}.
Definition 1.2. Let $ be a subset of R°°. A measure \L is called -quasi-invariant (strictly-^-quasi-invariant), if and only if ^c=T M (<fr = Ty) holds, respectively,
From now on, the measure \JL is always assumed to be the productmeasure of one-dimensional probability measures. More exactly, 
dfi(x)=®% l fj(x j )dxp x = (x l9
X2v
. Let \JL be a measure as in (II), and J/i 1 (x)= ®JLif^(Xj)dXj be an another measure also as in (U). Then in order that Hi=}t holds, it is necessary and sufficient that, Especially, if ft 1 = fa for some t = (t l9 t 2 ,...)El^a o 9 the above inequality becomes
(") V// w -0) du } < °°' or equivalently 9 
= i
Proof. The assertion of the theorem is the special case in the general equivalence criterion in [10] . It is a typical application of the martingale convergence theorem. We omit it.
If /( is a measure as in (J7) and for all n y f n is identical with the same function /, we say that /* is a stationary measure with /. Then, Proposition 1.1. Let JLL be a stationary measure with f. Then we conclude that Tl 2 .
Proof. Let t = (t l9 * 2 ,...)e T^ and we put &(JJ) = g. Then by the above theorem, we have First we shall show that tj-»0, as j->oo. For it, we put
H(s)=((l-Qxp(2nisv))\g(v)\
2 dv, for seR 1 .
Then f/(0) = 0, lim H(s)=l due to the Riemann-Lebesgue theorem, and <l, for 0< v |s|<oo. It follows that, for an arbitrary e>0, inf H(s)>0. Suppose {£/} does not converge to 0. Then there exist |a|^e some £ 0 >0 and subsequence {t jn } such that, \t jn \>c 09 for all n. Consequently, = Z?=i infff(s)=oo.
|S|^£0
We reach to a contradiction. As l-cos(x)=O(^2) at ;x = 0, and , forallX>0, so £y =1 Using the above fundamental lemma, we can actually construct /^-quasi-invariant measures as follows. First we put for w>0, and p e IP .
Noting that
, for an arbitrary real constant a, we get for the adjoint measure v q of ^,
Sy
In order to assure (1), we put for seR 1 ,
and estimate the order of w(s) at s = 0. Then after some calculations, we can derive that w(s)=O(\s\) at s = 0, so the convergence of (1) is equivalent to Zj?=i|o/l/?/<oo. Clearly this inequality is satisfied by the assumptions for a and for p.
Combining Proposition 2.1 together with Lemma 2.1, jj, q is actually the /^-quasi-in variant measure for each q^i. Later we shall give examples of strictly-/^-quasi-invariant measures for
The following definition and lemma are essentially due to L. Shwarz, [7] . We list them here in a partially different but special form of the original one. Proof is stated in [7] , [8] . So we omit it. But it is an application of Baire's theorem and closed graph theorem.
Here we shall discuss strictly-/^-quasi-invariant measures (0<p^oo) on 33(R°°).
Proposition 2,2. There does not exist any strictly-l^-quasi-invariant measure as in (17) on 23(R°°).
Proof. Suppose the contrary case, namely let p, be a measure as in (U), and be the strictly-/°°-quasi-in variant measure. Then the adjoint measure v of fi is the special type /°° in virtue of the corollary of Lemma 2.1. Applying Theorem 1.1 for an element (s, s,..., s,...)e /°° (seR 1 ),
It follows that for v, {Xj} converges in law to the Dirac measure, equivalently it converges to 0 in probability. Let T be the same meaning as in Lemma 2.2, in which we shall put v for m. Then an element ej = (0, 0,...,0, 1, 0,...) corresponds to Xj by the map T, and it is a homeomorphic operator in virtue of Lemma 2.2. Therefore by the above argument, e^ must tend to 0 = (0, 0,...), which is a contradiction. Q.E. D. is also continuous. The assertion of the last part is an easy consequence of the above argument.
Q. E. D.
Now we shall discuss the compactness of the set {^/fj(u)} in LJ^R 1 ).
The following proposition is found in [9] . But we list it for reference.
Proposition 2A Let d£, be the Lebesgue measure on R N 3 and L p d $(R N ) (l^p<oo) be the Banach space of (classes of) functions f such that |/|* is Lebesgue integral Then a subset A of L^(R^) is totally bounded if and only if it has the following three properties. (a) A is bounded in L^(R N ) (in the sense of the L p norm).
( In the former sections, we have discussed the aspect of (mainly, / p -)quasi-invariant measures, and showed that the case p>2 and p^2 present the different situations. So we wish to consider the case of Tî i/ 2 (especially T^=l 2 ) and to characterize it in terms of (>///(w)}.
First we shall consider a stationary measure. In this inequality, we shall put cij = d 0 /^n for l^j^n and <z/ = 0 for j^n + 1. Then for any n,
So, letting n tend to infinity and applying Lebesgue-Fatou's lemma, it follows that,
Let /.* be a measure as in (17). i.e.,
dn(x)=®?=ifj(Xj)dXj, and
Assume that // is the I 2 -quasi-invariant measure. Then from the result of the above stationary case, it seems that, But it is false for the general \i. Even in the case of T tl =l 2 , we have a following example.
Example 3.1, Let K 0 (u) be the modified Bessel function, and 7 be a constant such that 0<y<l. We put
where n(y) is the normalizing constant. And we define a measure H on S(R°°) such that, dfi(x)=®f=if 7j (xj)dx j9 where {y y } is taken such that S? 3 =i(l~7j) 2 < 00 -Then some calculation shows that = ®y=il/2exp(-|x / |)dx / , and the later measure is strictly-1 2 -quasi- However the above conjecture is modified as a following theorem.
Theorem 3.2. Let ^ be a measure as in (II). Then in order that IJL is an I 2 -quasi-invariant measure, it is necessary and sufficient that
there exists some measure M on 93(R°°), which has following three properties.
Proof. First we shall prove sufficiency. Clearly the equivalence of measures does not change the set 7^, namely if u^M holds, then T= T M . So we have only to check that M itself is the I 2 -quasi-invariant measure. Now using (c) in place of (7) in Theorem 3.1, we reach to the desired conclusion in a similar way with it. The necessity of the proof is derived from the following two lemmas. From now on we shall use a symbol * for convolution operation. Let ^ be a measure as in (77) Letting j tend to infinity and using Lebesgue-Fatou's lemma, we get
The proof of the sufficiency is carried out in a quite similar way with it in Theorem 3.4.
Q.E. D.
